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Pattern Avoidance

Let S, be the set of permutations of [n] = {1,2,..., n} and
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Let S, be the set of permutations of [n] = {1,2,..., n} and

S :=U,>0 Gn

For m,0 € &, we say that ¢ contains « if there is a subsequence of o
having the same relative order as 7.

We say that o avoids 7w (or o is m-avoiding) if o does not contain 7.
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Pattern Avoidance

Let S, be the set of permutations of [n] = {1,2,..., n} and

S :=U,>0 Gn

For m,0 € &, we say that ¢ contains « if there is a subsequence of o
having the same relative order as 7.

We say that o avoids 7w (or o is m-avoiding) if o does not contain 7.
For 1 C &, o is N-avoiding if o avoids 7 for each 7 € I1.

Notations:
Sy(7) :={0 € &, : 0 avoids 7}, &(7):=,>0Gn(7),
Sn(M) := Nyen Saln), &(N) := Upso Ga(M).

Two sets of patterns I1 and 1" are Wilf equivalent, written 1 = I, if
|&,(M)] = |&,(1)] for all n.
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Permutation Matrices

Example: The permutation 46127538.

n
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Permutation Matrices

Example: The permutation 46127538 contains 3142.

u
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Permutation Matrices

Example: The permutation 46127538 contains 3142 but avoids 4321.

u
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Permutation Matrices

Example: The permutation 46127538 contains 3142 but avoids 4321.

u

Remark: We have a Dj-action on &,,.
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st-polynomial

For a permutation statistic st : & — N, we define the st-polynomial with
respect to 1 as

FMig):= > ¢
ceB,(M)

We may drop the q if it is clear from the context.
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st-polynomial

For a permutation statistic st : & — N, we define the st-polynomial with

respect to 1 as
FMig):= > ¢
ceB,(M)

We may drop the q if it is clear from the context.

e

n, if

Two sets of patterns I1 and 1" are st-Wilf equivalent, written Il
FEE() = FA()

for all n € N.
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Inversion statistic

The inversion number of a permutation o is

inv(o) = #{(i,j) i <j,o(i) > o(j)}
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Inversion statistic

The inversion number of a permutation o is
inv(o) = #{(i,j) i <j,o(i) > o(j)}

Theorem (DDJSS '12)

The inv-Wilf equivalent classes in &3 are

{123}, {321}, {132,213}, {231, 312}.
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Conjecture (DDJSS '12)

inv

If11 =11, then M = f(N') for some f € Da.
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Conjecture (DDJSS '12)

inv

IfN1 =1, then N = f(M") for some f € Dy.

Answer: No.

For instance, {312,32415} L {312, 24315}.
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inv

Conjecture (DDJSS '12)
IfN1 =1, then N = f(M") for some f € Dy. J

Answer: No.

For instance, {312,32415} L {312, 24315}.

() (e
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Inflation

Definition

Given permutations m € &, and o1, ...,0, € &, the inflation [0, ..., 0/]
of 7 by the o; is the permutation whose permutation matrix is obtained by
putting the permutation matrices of o; in the relative order of .
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Inflation

Definition

Given permutations m € &, and o1, ...,0, € &, the inflation [0, ..., 0/]
of 7 by the o; is the permutation whose permutation matrix is obtained by
putting the permutation matrices of o; in the relative order of .

Figure: The permutation 213[123,1,21]
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Block decomposition

Let m, :=21[m,1] and ¢, :=12---r.

Every m € 6(312) can be written as m = ¢,[m1x, ..., T,«] Where
7 € &(312).
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Block decomposition

Let m, :=21[m,1] and ¢, :=12---r.

Every m € &(312) can be written as m = ¢/[T1x, ..., Trs] Where
T € 6(312).

H
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-
Fir(312)

For each o = 213[0y, 1, 02] € Gp41 with
loy| = k,

inv(c) = k + inv(o1) + inv(o2).
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-
Fir(312)

For each o = 213[0y, 1, 02] € Gp41 with
loy| = k,

inv(o) = k + inv(o1) + inv(o2).

Therefore

F(312) = 37 g FM(312) - Fir (312)
k=0
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-
Fir(312)

For each o = 213[0y, 1, 02] € Gp41 with
loy| = k,

inv(o) = k + inv(o1) + inv(o2).
Therefore

F(312) = 37 g FM(312) - Fir (312)
k=0

So F(x) = 3,50 Fi™(312)x" satisfies

F(x) =1 =xF(ax)F(x),
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.
For each o = 213[0y, 1, 02] € Gp41 with

Fir(312)

lo1| = k,
inv(o) = k + inv(o1) + inv(o2).

Therefore
. n . .
FIn(312) = 3 ¢“FM(312) - FI, (312)
k=0

So F(x) = 3,50 Fi™(312)x" satisfies
F(x) — 1 = xF(gx)F(x),
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We will consider permutation statistics st : & — N satisfying
st(o) = f(k,n — k) + st(o1) + st(o2) (®)

for some function f : N2 — N.
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We will consider permutation statistics st : & — N satisfying
st(o) = f(k,n — k) + st(o1) + st(o2) (®)

for some function f : N2 — N.
Example: inv, des, and 213.

des(o) =#{ie[n—1]:0(i) > o(i + 1)},
213(o) =#{ie[n—=2]:0(i+1) <o(i) <o(i+2)}.
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We will consider permutation statistics st : & — N satisfying
st(o) = f(k,n — k) + st(o1) + st(o2) (®)

for some function f : N2 — N.
Example: inv, des, and 213.

des(o) =#{ie[n—1]:0(i) > o(i + 1)},
213(o) =#{ie[n—=2]:0(i+1) <o(i) <o(i+2)}.

We have

inv(c) = k +inv(o1) + inv(o2),
des(0) = 1 — 0o,k + des(oy) + des(o2),
213(0) = (1 — do4)(1 — Bx.0) +213(01) + 213(02).
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Suppose T = t[T14, ..., Trs]. We write

1 (not 7T1*) if i =1,

Li[m14y .oy ] otherwise

and

T 1= Lr_;_|_1[7r;*, ey 7Tr*]-
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Suppose T = t[T14, ..., Trs]. We write
1 (not 7T1*) if i =1,
o= :
! Li[T1ey .., Tix]  otherwise

and

T 1= Lr_;_|_1[7r;*, ey 7Tr*]-

Let M = {312, 7V, ..., 7(™} where 70) = Lrj[(ﬂ'gj))*, s (ﬂ%’))*] For
I =(i,...,im), we denote

n, = {312,&;1,-~-7ﬂim}

and B L
M, = {312, 7, ..., 7(m); 1.
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Main theorem

Theorem (T. '13+)

Let M= {312, 7V .. 7(M} where 7U) = Lr[ng,?, ,77%12] Suppose
st: & — N satisfies (©). Then F5t(N) = 0 if some 7U) = ¢ and 1
otherwise, and forn > 1

Fria(Mig) = qu(k’n_k) Z (-1 Z F(0y) - Ay (Miss) |
k=0

sC[m] I= (it wsim):
1<j<r~

where § = (61,...,0m) with 6; =1 ifj € S and 0 if j ¢ S.
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Main theorem

Theorem (T. '13+)

Let M= {312, 7V .. 7(M} where 7U) = Lr[ng,?, ,77%12] Suppose
st: & — N satisfies (©). Then F5t(N) = 0 if some 7U) = ¢ and 1
otherwise, and for n > 1

Fta(Mig) =Y gk | S™ (st 3™ Fmy) - A (M) |
k=0

sC[m] I= (it wsim):
1<j<r~

where § = (61,...,0m) with 6; =1 ifj € S and 0 if j ¢ S.

Remark: The special case g = 1 yields the number |S,([M)|, which
generalizes a result by Mansour and Vainshtien.

Wauttisak Trongsiriwat (MIT) Statistics and Avoidance Permutation Patterns '13 12 /21



Example

Compute a, = F™(M), where M = {312,2314,2143}.

Wauttisak Trongsiriwat (MIT) Statistics and Avoidance Permutation Patterns '13 13 /21



Example

Compute a, = F™(M), where M = {312,2314,2143}.

Block decomposition:

(1) = 2314 = 12[12,,¢,] and 7(?) = 2143 = 12[1,, 1.].

Wauttisak Trongsiriwat (MIT) Statistics and Avoidance Permutation Patterns '13 13 /21



|
Example

Compute a, = F™(M), where M = {312,2314,2143}.
Block decomposition:
(1) = 2314 = 12[12,,¢,] and 7(?) = 2143 = 12[1,, 1.].
S / m, m @) - By (Mrs)

) {312,121} n S0,k - an—k
(12) {312,12,2143} {312,231421} 1
)
)

{312,2314,1}  {312,1,2143} o - o0k
M {312,1,21} S0.n—k * Ak
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Block decomposition:

(1) = 2314 = 12[12,,¢,] and 7(?) = 2143 = 12[1,, 1.].

S / m, M £y - £ (M)
0 (11) {31212,1} n ook - an_k

(1,2) {312,12,2143} {312,2314,21} 1

(21) {312,23141}  {312,12143}  box - Go.n &

(22) N {312,1,21} So.n—k - Ak
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]
Therefore

n
any1 = Z q" [0o.kan—k + 60.n—kak + 1 — ok — do.nk]

k=0
1_qn+1
=(1+q")an+ T —(1+4q")
1_qn—1
=(1+4q" =),
( +q)an+q( 1—gq )
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]
Therefore

n
any1 = Z q" [0o.kan—k + 60.n—kak + 1 — ok — do.nk]

k=0
1_qn+1
=(1+q")an+ T —(1+4q")
1_qn—1
=(1+4q" =),
( +q)an+q( 1—gq )

In particular, by setting ¢ = 1 we get ap+1 = 2a, + n— 1 with
ag=ai =1. Thus

&,(312,2314,2143)| = 2" — n.
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N
Proof:

Restrict everything to the set 6ﬁ+1(312) = {0 € 6,+1(312) : o(k) = 1}.
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N
Proof:

Restrict everything to the set 6ﬁ+1(312) = {0 € 6,+1(312) : o(k) = 1}.
Lemma

Let 0 = 213[01, 1, 02|, = t¢[T1sy ..., Tre] € &(312). Then o avoids 7 if
and only if the condition

(G) : o1 avoids 7r; and oy avoids T;

hold for some i € [r].
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Proof:

Restrict everything to the set 6ﬁ+1(312) = {0 € 6,+1(312) : o(k) = 1}.

Lemma

Let 0 = 213[01, 1, 02|, = t¢[T1sy ..., Tre] € &(312). Then o avoids 7 if
and only if the condition

(G) : o1 avoids 7r; and oy avoids T;

hold for some i € [r].

Let AJ, where 1 <j < mand 1 </ <rj, be the set of permutations in
Sk 1(312) satisfying the condition

(C,!)i o1 avoids 7U); and o, avoids 70,
(So every o € AJ, avoids 7T(j)_)
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|
Proof (cont'd):

For I = (i1,...,im) € [r1] X [r2] X -+ X [rm], we define

A= Ai17i27~--,im = A,l1 N A,22 N A,T,
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|
Proof (cont'd):

For I = (i1,...,im) € [r1] X [r2] X -+ X [rm], we define
Al = Ai iy, = AL NAZ DA

So &k ,(M) is the union

+1(n U A11,12, ol

Il: Y

where the union is taken over all m-tuples | = (i1, ..., iy) in
[r] X [r] X -+ X [rm].
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|
Proof (cont'd):

For I = (i1,...,im) € [r1] X [r2] X -+ X [rm], we define
Al = Ai iy, = AL NAZ DA
So &k ,(M) is the union
+1(n U A11,12, ol
Il: Y

where the union is taken over all m-tuples | = (i1, ..., iy) in
[r] X [r] X -+ X [rm].
Then Inclusion-Exclusion (using Mobius inversion formula)!
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Nontrivial st-Wilf equivalences

Corollary
(J) , 1< <m 1< i< ry, be permutations such that

Let W(J)
t
312,70, w2 312,70, 2™y
for all m-tuples | = (i1, ..., im) € [1] X ... X [rm].
G) mj )]

Setting
(j)] and 7'V =, [m2, .
rJ* r 1k

7U) = Lr[ﬂ'l*,...,ﬂ'

we have )
(312,70, . 2(M} = (312, 7/, (M)},

Permutation Patterns '13 17 /21
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Corollary (m=1)
Let mi,mi,1 < i < r, be permutations such that

st

{312, 7;} = {312, 7}

for all i € [r]. Then

1IE

{312, 1/ [Ty ooy Tri] } = {312, 00 [y ooy ] T )
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Corollary (m=1)
Let mi,mi,1 < i < r, be permutations such that
t

(312, 7} = {312, 7}

for all i € [r]. Then

st

{312, 0 [1sy ooy T} = {312, 047, -
v {312, 7/} by simply take

) |

For inversion statistic, we obtain {312, 7;}
each 7} to be either m; or 7}
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Wauttisak Trongsiriwat (MIT) Statistics and Avoidance



Corollary (m=1)

Let mi,mi,1 < i < r, be permutations such that

t

(312, 7} = {312, 7}

for all i € [r]. Then

st

{312, 1/ [Ty ooy Tri] } = {312, 00 [y ooy ] T

For inversion statistic, we obtain {312, 7;} = {312, 7/} by simply take
each 7! to be either m; or 7l

Proposition
For o € &(312), des(c) = des(ot). J
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Example

Suppose st : & — N satisfies © and that st(o) = st(c") for all
o € 6(312).

{312,25431876CBDAFEQ}

"l
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Example

Suppose st : & — N satisfies © and that st(o) = st(c") for all
o € 6(312).
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"l

n
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